We revisit ground states of spinor Bose-Einstein condensates with a Rashba spin-orbit coupling, and find that votices show up as a direct consequence of spontaneous symmetry breaking into a combined gauge, spin, and space rotation symmetry, which determines the vortex-core spin state at the rotating center. For the continuous combined symmetry, the total spin rotation about the rotating axis is restricted to 2π, whereas for the discrete combined symmetry, we further need 2F quantum numbers to characterize the total spin rotation for the spin-F system. For lattice phases we find that in the ground state the topological charge for each unit cell vanishes. However, we find two types of highly symmetric lattices with a nontrivial topological charge in the spin-1 2 system based on the symmetry classification, and show that they are skyrmion crystals.
I. INTRODUCTION
Vortices are ubiquitous in a rich variety of systems from Bose-Einstein condensates (BECs) [1, 2] , superfluid helium [3] to superconductors [4] . In scalar BECs and superfluid helium-4, vortices are quantized, in units of a topological invariant called mass circulation Γ v mass · dℓ = 2π n v /M , where Γ is a close loop enclosing the vortex, v mass is the superfluid velocity, and n v is an integer. When internal degrees of freedom are involved, topologically stable fractional vortices emerge in the polar phase and the cyclic phase of spinor BECs due to the underlying Z 2 [1, 5] and tetrahedral symmetries [6] , respectively. To classify or predict these and other topological excitations in spinor BECs such as monopoles, skyrmions and knots, we can invoke the homotopy theory [7] , because the spin and orbital degrees of freedom are decoupled.
To define topological invariants to characterize quantized vortices and the quantization of vortices, we usually require that the order parameter at the boundary belongs to a prescribed order parameter manifold of a certain topological nature. However, knowing the boundary of the vortex is, in general, insufficient to predict the order parameter close to the vortex core, because vortices having the same topological number can have different cores [8, 9] . Therefore, to distinguish vortices with different types of cores, we should resort to other methods. One such method is presented by Salomaa and Volovik in Refs. [10, 11] , where they applied a symmetry classification scheme to distinguish different vortices within the same topological class of the superfluid 3 He B-phase under an axisymmetric boundary condition, according to the axisymmetry and three discrete internal symmetries.
Here, we show that the symmetry classification scheme can also be applied to distinguish vortices in BECs in which the spin and orbital degrees of freedom are coupled. For spin-orbit (SO) coupled spinor BECs [12, 13] and spinor dipolar BECs [14] [15] [16] , the spin and orbital degrees of freedom are coupled due to the single-particle SO coupling or the long-range dipolar interaction, and therefore vortices can spontaneously emerge in the ground states. Examples are two different vortices found in ground states of a spinor dipolar BEC [17, 18] , with their cores filled by the polar phase or the ferromagnetic phase. For a SO-coupled spinor BEC, ground states with a single vortex or vortex lattices have been found [19] [20] [21] [22] [23] [24] [25] .
In this article, we systematically investigate vortices in the ground states of a SO-coupled spinor BEC from the point of view of spontaneous symmetry breaking (SSB) and find that they are direct consquences of SSB into a combined gauge, spin, and space rotation symmetry, as the system is invariant under the U(1) gauge transformation, the combined spin and space rotation and the time reversal. The vortex-core spin state is then determined by the spin-gauge symmetry. As long as the spin and orbital degrees of freedom are coupled, possible combined symmetries are reduced, because the spin and space must be rotated simultaneously to make the Hamiltonian invariant. For lattice phases found in the ground state, vortices with different combined symmetries form lattice structures, and the topological charge for each unit cell vanishes. However, in a SO-coupld spin-1 2 BEC, we find highly-symmetric skyrmion crystals, which are constructed from superposition of several plane waves.
Our symmetry classification method differs from that in Refs. [10, 11] in the following respects. In Refs. [10, 11] , the authors consider vortices in the superfluid 3 He-B within the same topological class by assuming an axisymmetric boundary condition. For SO-coupled BECs, we do not take such a boundary constraint. If a vortex preserves the continuous combined symmetry, the total spin rotation about the rotating axis is 2π. However, if the vortex is invariant under the discrete combined symmetry, the symmetry alone is not enough to determine the total gauge and spin-state rotations about the rotating axis, and we need one additional quantum number to count the total gauge rotation and 2F quantum numbers to characterize the total spin rotation for the spin-F system. Therefore, vortices preserving the continuous and discrete combined symmetries are not always fall into the same topological class. From numerical results shown below, we find vortices preserving the discrete combined symmetry and cannot be adiabatically deformed into vortices which are invariant under the continuous combined gauge, spin, and space rotation. This paper is organized as follows. Section II describes the model Hamiltonian for SO-coupled spinor BECs. Section III classifies vortices from their combined symmetries and determines the corresponding vortex-core spin state at the rotating center. Section IV discusses different types of vortices which are invariant under the continous and discrete combined symmetries found in SO-coupled spinor BECs. Section V extends the symmetry classification of vortices into spinor BECs. Section VI summarizes the main results. and space rotation symmetry plays an important role in determining zeros of the superconducting order parameter of heavy-fermion systems; in the present case, there are spin degrees of freedom and vortices can be nonsingular for SO-coupled BECs.
III. SYMMETRY CLASSIFICATION OF VORTICES
A. Salomaa and Volovik's method
In this subsection, we briefly review the symmetry classification scheme on vortices in the superfluid 3 He-B phase by Salomaa and Volovik [10, 11] . The procedure of this scheme is as follows:
(1) Firstly, an axisymmetric boundary condition is assumed. Far away from the vortex core, the order parameter is assumed to be A αj (ρ = ∞, ϕ, z) = CR αj e imϕ , where ρ, ϕ, and z denote cylindrical coordinates and R αj describes the relative rotation of the spin (α) and orbit (j). By approximately choosing the spin coordinates, we can set R αj = δ αj . Therefore, the operator describing the axisymmetry is given byQ =L z +Ŝ z − mÎ, whereL z = −i∂/∂ϕ +L int z is the total operator of the z-component orbital angular momentum, including the external and internal (L int z ) orbital rotations,Ŝ z is the z-component of the spin operator, andÎ is the identity operator.
(2) Secondly, if vortices preserve the continuous combined gauge, spin, and space rotation symmetry, the order parameter should satisfyQA αj = 0. This equation is met if A αj takes the following form:
where λ ν j and λ µ α are eigenfuctions of operatorsL int z and S z with the correponding eigenvalues ν and µ, respectively. From Eq. (5), we can infer that if m − µ − ν = 0, C µν (ρ = 0) = 0. Therefore, the continuous combined symmetry reduces the allowed vortex-core state. However, when different values of µ and ν all satisfy m−µ−ν, the vortex core cannot be uniquely determined. In Ref. [10] , Salomaa and Volovik consider three discrete internal symmetries P 1 , P 2 and P 3 to further reduce the ambiguity of the vortex core, with
where P is the parity transformation ρ → − ρ, P 1 denotes the combined gauge and the π space rotation about the z-axis, and P 2 denotes the combined time reversal, the π space rotation (L y,π ) and π spin rotation (S y,π ) about the y-axis.
Thirdly, Salomaa and Volovik also consider vortices break the axisymmetry under the same axisymmetric boundary condition as above. To make a vortex break axisymmetry, they superpose eigenfunctions of the operatorQ having different eigenvalues. For example, if the order parameter takes the form A αj = A αj (Q = 0) + A αj (Q = 2), wherê
and C µν (Q = 0, ρ = ∞) = 0, the corresponding vortex is invariant under e iQπ . However, as the boundary condition is fixed, the phase winding number for each component is fixed to be m − µ − ν and this vortex is topologically equivalent to the one preserving the continuous combined symmetry.
B. Our method from a SSB point of view
In this subsection, we systematically classify vortices in SO-coupled spinor BECs from a SSB point of view. When the space rotation is involved in the SSB, a vortex might emerge. In general, to classify the symmetry of vortices, we should consider different subgroups of the full symmetry group G of the Hamiltonian. Due to the SO coupling, we need to simultaneously rotate the same angle of the spin and the space, which therefore simplifies the procedure to find subgroups of G.
Firstly, we neglect the time-reversal symmetry. Then, there are two different remining symmetries, that is (1) continuous symmetry and (2) discrete symmetry. The corresponding generator is given by e iφ C z (θ), where C z (θ) refers to the combined θ spin-space rotation about the zaxis. For the states with continuous symmetry we have θ ∈ [0, 2π) and φ = κθ with κ = 0, ±1, ±2, . . . (κ = ±1/2, ±3/2, . . . ) for the integer (half-integer) spin case, whereas for the states with discrete symmetry we have θ = 2π/n (n ∈ Z) and φ = κθ with κ = 0, . . . , n − 1 (κ = 1/2, . . . , n − 1/2) for the integer (half-integer) spin case.
To preserve the combined gauge, spin, and space rotation symmetries, the vortex-core spin state |ψ located at the rotating center must satisfy the following spin-gauge symmetry:
We first focus on the continuous symmetry. In constrast to the superfluid helium-3, where the continuous combined symmetry is not usually sufficient to uniquely determine the vortex core, the order parameter of a SOcoupled BEC is described by 2F +1 complex numbers and we can uniquely determine the state of the vortex core as (1) nonsingular with |ψ = |M F = κ if −F ≤ κ ≤ F and (2) singular with the vacuum core if |κ| > F . For instance, in the F = 1 case, two different nonsingular vortices correspond to the vortex core filled by the polar and the ferromagnetic phases. system preserving the same discrete combined symmetry described by e iκ2π/3 Cz(2π/3), where the total spin rotation about the rotating axis at O is 2π for (a) and −4π for (b).
Next, we turn to the discrete symmetry case. Different from the continuous symmetry case, whether we can uniquely determine the core state depends on the values of κ, n and F . For instance, when κ = 0, there is only one type of nonsingular vortex core with |ψ = |M F = 0 for the integer spin case, whereas when κ = 1, n = 3, and F = 2, we can find that an arbitrary superposition of |M F = 1 and |M F = −2 satisfies Eq. (8), which means that we cannot uniquely determine the nonsingular vortex-core state. Table I summarizes the relation between the combined symmetry and the vorte-core spin state.
No matter whether we can uniquely determine the vortex-core spin state for the discrete combined symmetry, there are still ambiguities for the total gauge and spin rotations around the vortex core, which is different from the case of continuous combined symmetry, where the total spin rotation about the rotating axis is 2π and the total gauge rotation is 2κπ. Figure 1 schematically illustrates two different vortices in a spin-1 2 system which preserve the same discrete combined symmetry described by e iκ2π/3 C z (2π/3). From this form, we can infer that the allowed total spin rotation along the loop P 0 P 1 is 2π/3 + 2πN s (N s ∈ Z) with (a) N s = 0 and (b) N s = −1. A similar ambiguity exists for the gauge rotation. Therefore, to remove the ambiguity, we can define quantum numbers to characterize vortices preserving the same discrete combined symmetry.
For the spin-1 2 case, two quantum numbers N g and N s are needed to remove the ambiguity in the gauge and spin rotations, respectively. If the vortice is invaraint under e iκ2π/n C z (2π/n), the total gauge rotation and spin rotation about the rotating axis are 2κπ + 2πnN g and 2π + 2πnN s , respectively, where N g − mod (N s , 2)/2 ∈ Z, because if we rotate the half-integer spin for 2π, we need to perform a π gauge rotation to make the state invariant. To determine two quantum numbers from numerical results, we can focus on the phase winding number for and spin-1 cases, and n = 3, 4 for the spin-2 case. For the case of n = 2, we cannot predict whether there is a vortex. When no spin state at rotating center can satisfy the corresponding spin-gauge symmetry of Eq. (8) 
arbitrary superposition of |MF = 1 and |MF = −2 e i4π/3 Cz(2π/3) arbitrary superposition of |MF = 2 and
the spin component |M F defined as
where Γ is a loop around the vortex core, as we have
If N s = 0, we find a topologically different vortex in comparison with the vortex which preserves the continuous combined rotation symmetry. Different from the spin-1 2 case, for the integer spin-F case, we need 2F + 1 quantum numbers: one quantum number N g for describing the total gauge rotation and 2F quantum numbers for denoting the total spin rotation, because we need 2F vectors for each spin state in the Majorana representation [29, 31] . Equivalently, we can define another 2F quantum numbers N (MF ) s for removing the ambiguity of the total spin rotation by evaluating phase winding numbers for nonzero spin components. If the vortex is invariant under e iκ2π/n C z (2π/n), we have
where
If at least one quantum number N (MF ) s is nonzero, the phase winding numbers for all spin components cannot be written in a compact form as w MF = −M F + N c , with N c ∈ Z, which is the salient difference compared with vortices preserving the continuous combined rotation symmetry.
Taking into account the time-reversal symmetry, similar arguments can be applied. In special cases, the allowed vortex-core spin state is further restricted due to the time-reversal symmetry. For instance, for the spin-2 case, if a vortex preserves the discrete combined symmetry described by e iπ C z (π/2), the vortex-core spin state can takes an arbitrary superposition of |M F = 2 and |M F = −2 . If we require the vortex be invariant under the time reversal, the allowed vortex-core spin states are further reduced, as listed in Table I .
IV. VORTICES IN SPIN-ORBIT-COUPLED BECS
In this section, we show how to understand different vortices found in the ground states of SO-coupled BECs from the standpoint of combined symmetries.
A. Continuous combined symmetry
We first focus on the vortices invariant under the continuous combined gauge, spin, and space rotation symmetries. In Refs. [24] , approximate low-lying single-particle eigenstates of the Hamiltonian H 0 with strong SO coupling are presented in momentum space as
where k is the wave vector,
Hn are Hermite polynomials and By the Fourier transformation, we obtain the corresponding order parameters in real space, e.g. for the spin- 1 2 case, it takes the following form:
where ϕ = arg(x+iy) and J m is the Bessel function of the first kind. All states given in Eq. (12) possess the continous gauge, spin, and space rotation symmetries. Some of them can be stabilized with weak interactions. For instance, two different vortices are found in the pseudo spin-1 2 case, and their order parameters take the form given in Eq. (14) withn = 0 and m = −2, −1, 0, 1. They are invariant under e iκθ C z (θ) with κ = ±1/2 (see Fig. 3(d) of Ref. [22] and Fig. 1(a) of Ref. [23] ) and κ = ±3/2 (see Fig. 3(b) of Ref. [22] and Fig. 1(b) of Ref. [23] ). From the combined symmetry, we know that the vortex-core state at the rotating center should be invariant under the spin-gauge symmetry e iκθ e −iFz θ . Therefore, we determine the vortex core as that summarzied in Table I .
We would like to point out that such vortices with continous combined symmetry also appear in a spinor dipolar BEC where the effective SO coupling arises from long-range magnetic dipole interaction. For instance, two different ground states preserving continous combined symmetry are found in the ground state of the spin-1 87 Rb condensate [17, 18] . One called the chiral spin vortex phase is invarint under e iθ C z (θ), which results in a vortex with the vortex core filled by the ferromagnetic phase. The other called the polar-core vortex phase preserves C z (θ), which induces a polar-core vortex because e −iFzθ |M F = 0 = |M F = 0 .
B. Discrete combined symmetry
According to the symmetry classification scheme [24] , there are states preserving discrete rotation symmetries. Some of them spontaneously emerge as the ground states with individual spin-component density distributions showing lattice structures [20] [21] [22] [23] [24] . In the strong SO-coupling limit, the order parameter can be well approximated by a superposition of several plane waves given in Eq. (6) of Ref. [24] as
where b j = k g (cos(j2π/N), sin(j2π/N)) and k g = mv/ .
spin-1/2
Firstly, we focus on the pseudo spin- (15) is numerically confirmed. In the following, we discuss the symmetry of the vortices based on the ansatz. Strictly, the symmetry we discuss below can only be approximately satisfied. If we increase the strength of SO coupling, the agreement between the ansatz and numerically exact result becomes better.
The triangular-lattice phase shown in Figs. 2(a-d) is found to be composed of half and anti-half skyrmions (enclosed in the triangle A 0 A 1 A 2 and the one nearby), which appear alternatively and are connected by singular vortices (with one locating at A 0 ). Based on the symmetry analysis in Sec. III, we find that for the case of n = 3 there are three different types of symmetries generated by e iκ2π/3 C z (2π/3) with κ = 1/2, 3/2, 5/2, respectively. As presented in Ref. [24] , they are connected by shifting the lattice as shown in Figs. 2(a-d) , where three different vortices preserving different combined discrete symmetries are denoted by A 0 , A 3 and A 4 , filled by the vacuum, spin-up, and spin-down states, respectively. To confirm this statement, we focus on the order parameter
which is shown in Fig. 2(b) . It is invaraint under e iπ C z (2π/3). Therefore, vortices at the rotating center denoted by A 0 is singular. Shifting the lattice center to the point A 3 by coordinate transformation {x+2π/3k g → x, y − 2π/3 √ 3k g → y}, the order parameter is transformed into
which is invariant under e iπ/3 C z (2π/3). We thus find that the vortex core is filled by the spin-up state. Similar arguments can be applied to vortices located at A 1 , A 2 and A 4 .
In constrast to the triangular-lattice phase, two kagome-lattice phases shown in Figs. 2(e,f) and (g,h) cannot be recast into half-and anti-half-skyrmion lattices. They possess combined discrete symmetries with symmetry groups generated by {e i(2π/3+π/3) C z (2π/3), T C z (π)} and {e i(π/3+π/6) C z (π/3)} [30], respectively. Therefore, we expect that the vortex in the rotating center should be filled by the vacuum state, as denoted by B 0 and C 0 , respectively. Besides, there are two more different singular vortices denoted by B 1 (C 1 ) and B 2 (C 2 ), originating from different symmetries, which can be determined by shifting the lattice center as that applied in discussing vortices in the triangular-lattice phase.
Refocusing on spin textures shown in Fig. 2 , we do see that for vortices at A 0 , B 0 , B 1 , B 2 , C 1 and C 2 , the total spin rotation around the vortex core is −4π, different from 2π. The corresponding quantized number N s is −1. Such vortices are unique to the discrete combined rotation symmetry. By examining the phase winding number for each spin component, we can determine another quantum number N g by solving Eq. (10). To show this explicitly, we take the vortex at A 0 preserving 
Therefore, we find N g = − 1 2 .
spin-1 & spin-2
Next, we focus on the case of integer spin, where we find triangular and square-lattice phases. They can all be well described by superposition of three or four plane waves as described in Ref. [24] and in Eq. (15) with N = 3 and 4. Similar to the spin-1 2 case, the combined symmetry is approximately satisfied for numerically derived ground states. In the following, we only use their corresponding variational order parameters in Eq. (15) to discuss the symmetry. Figure 2 shows the corresponding spin textures in a unit cell of five lattice phases found in SO-coupled spin-1 and spin-2 BECs. For the triangularlattice phase, we can choose arbitrary values of φ j in Eq. (15), as they are connected by shifting the lattice center. For the square-lattice phase in Figs. 3(c-e) , one representative state in Eq. (15) can be chosen as (c, d) φ j = jπ/2 and (e) φ j = 0 with j = 0, . . . , 3.
Similar to the pseudo spin-1 2 case, three different vortices appear simultaneously in a triangular-lattice phase due to three different combined discrete symmetries generated by e iκ2π/3 C z (2π/3) with κ = 0, 1, 2, respectively. They are connected by shifting the lattice center [24] . By directly solving Eq. (8), we uniquely determine the vortex-core spin state for the spin-1 case. This breaks down for the spin-2 case on two specific symmetries of e i2π/3 C z (2π/3) and e i4π/3 C z (2π/3), as there are infinite vortex-core spin states satisfying the same combined symmetry. For instance, the spin state c 1 |M F = 1 + c 2 |M F = −2 with arbitrary coefficients c 1 and c 2 is invariant under e i2π/3 e −iFz 2π/3 , and the one which is actually chosen is determined by the Hamiltonian. In Figs. 3(a) and (b) , we indicate by circles three different types of vortices which preserve different symmetries.
For the case of n = 4, as discussed in Sec. III B, there are four different vortices preserving the combined discrete symmetries generated by e iκπ/2 C z (π/2) with κ = 0, 1, 2, 3. They are found in two different square-lattice phases with one breaking time-reversal symmetry as illustrated in Figs. 3(c) and (d) and the other one preserving time-reversal symmetry as illustarated in Fig. 3(e) . As shown in Ref. [24] , in a time-reversal symmetry breaking square-lattice phase, the state can preserve two different combined symmetries of e iπ/2 C z (π/2) and e i3π/2 C z (π/2) by choosing the proper center of the lattice. This results in two different vortices with the corresponding vortex-core spin state preserving the spin-gauge symmetry e iπ/2 e −iFz π/2 and e i3π/2 e −iFzπ/2 . Solving Eq. (8), we can uniquely determine the vortex-core spin state, as demonstrated in Figs. 3(c) and (d) . The other type of square-lattice phase, which preserves time-reversal symmetry and C z (π/2) or e iπ C z (π/2) relying on the choice of the lattice center, has only been found in the spin-2 case. These symmetries induce two different nonsingular vortices with vortex cores determined from Eq. (8) and the time-reversal symmetry requirement. These two vortices are shown in Fig. 3(e) . Reconsidering vortices shown in Fig. 3 , we find that there are new vortices which are unique to the discrete combined symmetry with at least one nonzero quantum number N (MF ) s related to the total spin rotation. To demonstrate the searching procedure explicitly, we take the triangular-lattice phase of spin-1 BECs as an example. The ground-state phase distributions for three spin components are shown in Figs. 4(a-c) . To examine the vortex at P 1 preserving e i2π/3 C z (2π/3), we use Eq. (11) to derive the following three equations:
Solving these equations, we find (N g , N (1) s , N (−1) s ) = (0, 0, −1). Therefore, this vortex is topologically different from vortices preserving the continuous combined symmetry. Applying the same method to vortices at P 0 and P 2 preserving C z (2π/3) and e i4π/3 C z (2π/3), respectively, we find their three quantum numbers as (N g , N (1) s , N (−1) s ) = (0, 0, 0) and (−1, −1, 0). As discussed in Sec. III B, the reason why we need 2F quantized numbers to describe total spin rotation is Fig. 3(a) .
that to denote each spin-F state, we need 2F unit vectors, which can be obtained by using the Majorana representation [29, 31] , where 2F unit vectors (n x , n y , n z ) = (sin θ cos ϕ, sin θ sin ϕ, cos θ) correspond to the 2F solutions of the equation
where ξ = e iϕ tan(θ/2) and Figures 4(d-e) show the corresponding spin textures of two unit vectors for the ground state in Figs. 4(a-c) , where we classify two unit vectors numerically by comparing values of their z-component n z . We can infer that both two vectors rotate around the rotating axis at P 0 for 2π, whereas for vortices at P 1 and P 2 , the total rotation for one vector is −4π. This is consistent with the above arguments that the vortex at P 0 is topologically equivalent to vortices which preserve the continuous combined symmetry, whereas vortices at P 1 and P 2 are topologically different.
C. Lattice translation symmetry
For lattice phases, vortices form lattice structures. Besides preserving the discrete combined rotation symmetry, their order parameters are approximately invariant under lattice translation. For such lattice structures we can define a topological charge for each unit cell which is analogous to the Chern number:
where the superfluid velocity v mass is given by
For the integer spin cases, the topological charge for different lattice phases in the ground state vanishes, as there are only nonsingular vortices and the order parameter changes smoothly over the entire manifold. For the pseudo spin- 
where S µ = σ µ and (µ, ν, τ ) = x, y, z, we find that the total skyrmion number Q SkX for each unit cell is zero, where
Therefore, the lattice phases found in the ground state of a SO-coupled BEC are quite different from skyrmion crystals (SkXs) with a nonzero topological charge for each unit cell found in chiral magnets [33] , where the Dzyaloshinskii-Moriya (DM) interaction [34] plays a crucial role. However, we find that for the spin-1 2 case, several lattice phases, which we predict from the symmetry classification [24] but have not been found in the ground states, show similar structures as SkXs. Figure 5 shows two different SkXs, where the corresponding order parameters are given by Eq. (15) with (a-c) N = 4 and φ j = jπ/2 (j = 0, . . . , 3) and (d-f) N = 6 and φ j = j2π/3 (j = 0, . . . , 5). From the spin textures in Fig. 5(c) and (f), we can infer that both SkXs have the same topological charge Q SkX = −2. Here, the unit cell is determined from the periodicity of the order parameter. By performing time reversal, we obtain two other SkXs with Q SkX = 2. The square shape of the SkX in Fig. 5(a-c) has also been found as a stationary state in a system without SO coupling [35] .
V. VORTICES IN SPINOR BECS
In this section, we generalize the symmetry classification of vortices to a system in which the spin and or- 
where Ω and L z refer to the rotating frequency and the projected orbital angular momentum, we obtain the Hamitlonian to describe a rotating spinor BEC.
As long as the spin and orbital degrees of freedom are decoupled, when spontaneous symmetry breaking occurs, there are other types of vortices which are invariant under the combined symmetry described by e iφ e −iθFz R z (ϑ), where φ, θ, and ϑ refer to the gauge, spin, and space rotation angles, respectively, and R z (ϑ) describes the θ space rotation about the z-axis, because θ and ϑ can take different values. As there are numerous vortices from the viewpoint of the spontaneous symmetry breaking, in the following, we focus on a special vortex with fixed boundary conditions and predict their possible vortex cores based on the combined symmetry in a manner similar to the classification scheme of vortices in superfluid 3 He-B [10, 11] .
For instance, we take a fractional 1/2-1/4 vortex in the biaxial nematic phase of spin-2 BECs discussed in Ref. [9] , where 1/2 and 1/4 refer to the π gauge transformation and the π/2 spin rotation around the vortex, respectively. Therefore, away from the vortex core, the axisymmetric order parameter can be chosen as ψ(ρ →
2 is the order parameter for the biaxial nematic phase, and ϕ is the azimuthal angle.
Under this boundary condition, the continuous combined symmetry which can be satisfied by the vortex is described by operators e i2θ e −iθFz R z (4θ) with θ ∈ [0, π/2], which implies that the π gauge transformation and the π/2 spin rotation are uniformly distributed along the azimuthal direction. When θ = π/2, we get e iπ e −iFzπ/2 R z (2π)|ψ = e iπ e −iFz π/2 |ψ = |ψ , which results in a strong constraint for the order parameter of the fractional 1/2-1/4 vortex satisfying the continuous combined rotation symmetry, because ψ should be a superposition of |M F = 2 and |M F = −2 spin states everywhere. Meanwhile, we can determine the nonsingular vortex-core spin state at the rotating center from the spin-gauge symmetry, and find that it is a ferromagnetic phase with order parameter ψ(ρ = 0) = √ ρ s (1, 0, 0, 0, 0) T . This type of fractional vortices filled by the ferromagnetic core has already been numerically found in Ref. [9] .
Besides the continuous combined symmetry, we can also search for a fractional 1/2-1/4 vortex with a discrete combined symmetry, which is described by the operator e iφ e −iθFz R z (2π/n). Here, we focus on the discrete symmetries with a constraint (A) e inφ e −inθFz = 1 2F +1 . Therefore, the order parameter is no longer fixed into a superposition of two spin states. To be consistent with the boundary condition, there is another constraint (B) e iφ e −iθFz (1, 0, 0, 0, 0) T = e iπ/n e −iFz π/2n (1, 0, 0, 0, 0) T . By solving these two equations (A) and (B), we can pre-dict possible types of fractional 1/2-1/4 vortices distinguished by the discrete combined gauge, spin, and space rotation symmetry. One solution is that φ = 4π/3, θ = 2π/3 and n = 3. Furthermore, we determine the nonsingular vortex-core spin state at the rotating center to be an arbitrary superposition of |M F = 2 and |M F = −2 spin states. The coefficients of the superposition depend on the Hamiltoinan. In Ref. [9] , a specific vortex with a cyclic core is discussed.
We have predicted possible vortices and the corresponding vortex cores under the axisymmetric boundary condition for a fractional 1/2-1/4 vortex. Such symmetry classification is also applicable to understand other vortices with axisymmetric boundary conditions.
VI. CONCLUSIONS
We have systematically studied the structure of ground states of SO-coupled spinor BECs, including pseudo spin-1 2 , spin-1, and spin-2 systems. In constrast to quantized vortices in spinor BECs which are distinguished by toplogically invariant quantized numbers, vortices in SOcoupled BECs spontaneously emerge in the groud states, and are classified by the combined gauge, spin, and space rotation symmetry and even time reversal. In addition, the symmetry classification not only classifies vortices but also determines the vortex-core spin state. We have studied vortices with both continuous and discrete symmetries. For vortices preserving the continuous combined symmetry, the total spin rotation around the vortex core is fixed to be 2π, whereas for vortices invariant under the discrete combined symmetry, we need a further quantum number N s for the spin- with M F = ±1, . . . , ±F for the spin-F case to specify the total spin rotations. From numerical results, we do find new vortices with nontrivial quantized numbers (N s = 0, N (MF ) s = 0). For lattice phases, where the order parameter preserves lattice translation symmetry, we define a Chern-number-like topological charge for each unit cell. Unfortunately, all lattice phases found in the ground state have zero topological charge. However, we find two types of skyrmion crystals in the BEC phase of the spin-1 2 system. They are highly symmetric states predicted from the symmetry classification, and may be experimentally realized as stationary or excitated states. Finally, we also show that the symmetry classification of vortices is also applicable to other systems such as spinor dipolar BECs, spinor BECs and rotating spinor BECs.
